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Abstract

We present short proofs on the mistake bounds of the 1-nearest neighbor algorithm on an online prediction
problem of path labels. The algorithm is one of key ingredients in the algorithm by Herbster, Lever, and
Pontil for general graphs. Our proofs are combinatorial and naturally show that the algorithm works when
the set of labels is not binary.
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1. Introduction

We consider the online prediction of graph labels which can be described briefly as follows. There is a
graph G = (V,E) with a fixed node labelling u : V → L for some label set L; initially, the algorithm does
not have any information of u. The learning process proceeds in rounds. For each round t, Nature asks for a
label of node qt ∈ V . The algorithm predicts the label û(qt) and later receives the true label u(qt). It makes
a mistake when û(qt) 6= u(qt). The goal is to minimize the number of times the algorithm makes mistakes.
For motivation and applications of the problem, see, e.g., [1, 6].

The performance of the algorithm is measured against the number of cut edges on the partition of graph
nodes induced by the true labeling. We denote by ΦG(u) the number of edges in G whose labels on both
ends are different.

The recent result of Herbster, Lever, and Pontil [6] gives an efficient algorithm with a mistake bound of

2ΦG(u) max

[
0, log2

(
n− 1

2ΦG(u)

)]
+

2ΦG(u)

ln 2
+ 1.

They first embed G into a path graph S, called a spine of G, then they use the 1-nearest neighbor (1-NN)
algorithm for label prediction. The first step only incurs a factor of 2 on the cut size (ΦG(u)); their mistake
bound follows from the proof of the second step.

Herbster et al.’s proof of the mistake bound of the 1-NN algorithm is based on the result on the Halving
algorithm [9]. To do so, they define a probability distribution over the possible hypotheses so that the
Halving algorithm implements the 1-NN algorithm.

In this manuscript we give a short combinatorial proof that the 1-NN algorithm on an n-node path with
k cut edges makes at most O(k log(n/k) + k) mistakes. This bound is off by a constant factor from the
bound in [6]. We also show that with a more careful analysis, this bound can be improved to almost match
the bound of [6].

Apart of being very short and combinatorial, another nice property of our proof is that the bound does
not depend on the set of labels. Therefore, they also imply that the algorithm of Herbster et al. also works
when labels are not binary.

We present our proofs in Section 2. The next section reviews other closely related work.
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1.1. Other related work

Early works [8, 7] on graph prediction use algorithms based on the Perceptron algorithm using pseudoin-
verse of graph Laplacian as a kernel and provide mistake bounds that depend on the cut size and the largest
effective resistance between any pair of vertices in the graph. Herbster [4] exploits the cluster structure of
the labeling on the graph, and provides an improved mistake bounds. However, there is an example by [6]
that shows that the algorithm based on this approach may make Θ(

√
n) on some n-node graph. Recently,

Herbster and Lever [5] explore another class of seminorms, called Laplacian p-seminorms, and show that
with the right setting of p (which depends only on the graph) the mistake bound is logarithmic.

Recent work of Cesa-Bianchi, Gentile, and Vitale [1] presents an algorithm for prediction on trees whose
worst-case number of mistakes over all labelling and all query sequence is optimal up to a constant factor.

We also note that our work in this paper stems from the proof of a slightly weaker bound appeared in [3]
based on result in [2].

2. The 1-NN algorithm on paths

We are given a line graph G = (V,E); let n = |V |. Without loss of generality, we label nodes in G as
1, 2, . . . , n, where nodes 1 and n are the only two degree-1 nodes, and there is an edge (i, i + 1) ∈ E, for all
1 ≤ i < n.

The online prediction problem proceeds in rounds. Each round t, when Nature asks for a label of node
qt, the 1-NN algorithm finds the closest node s whose true label is known and returns s’s label. For that
round, we call qt the query node and s the source node. Later on, when the true label of i is revealed, the
algorithm updates i’s label on the graph. If the predicted label of qt is not the same as the revealed label,
the algorithm makes a mistake.

In our analysis, a distance from a given node i to another node j is the number of edges on the unique
path from i to j, i.e., it is |i− j|. A distance from i to edge (j, j + 1) is the minimum of the distances from i
to j or from i to j + 1, i.e., it is min(|i− j|, |i− j − 1|).

We first present a simpler theorem that shows the same asymptotic bound but with a higher constant.

Theorem 1. The 1-NN algorithm makes at most O(k + k log(n/k)) mistakes where n = |V | and k is the
number cut edges.

Proof: First assume that k < n− 1, otherwise the bound holds trivially.
Denote all cut edges by e1, e2, . . . , ek; we assume that they are ordered by the smaller indices of their end

points. These cut edges partition G into k + 1 connected subgraphs. Call them C0, C1, . . . , Ck; note that
each edge ei is adjacent to Ci−1 and Ci.

We start our analysis after the first mistake is made.
For each mistake the algorithm makes after that, we have that the true labels of query node i and source

node s are different. Therefore, there exists some cut edge along the unique path P from i to s. We charge
this mistake to the closest cut edge on P from i.

To see that each edge ei is charged by at most 1 + log |Ci| times by nodes in Ci, consider the sequence
of nodes that charge to ei: v1, v2, . . .. For j > 1, in order for vj to make a mistake, ei must be closer to vj
than all other known nodes, including vj−1. Thus, we have that the distance from a node in Ci charging to
ei decreases by at least a factor of 2 each time ei is charged. Thus, ei can be charged at most 1 + log |Ci|
times by nodes in Ci. We can use the same argument to show that ei is charged by at most 1 + log |Ci−1|
times from nodes in Ci−1.

Note that only mistakes on nodes in Ci−1 or Ci can be charged to ei. Therefore ei is charged by at most
2 + log |Ci−1|+ log |Ci| times.

Summing over all cut edges, the number of mistakes charged to any cut edge is at most 2k+
∑k

i=0 2 log |Ci|.
Since

∑k
i=0 |Ci| = n, the number of mistakes maximized when every subgraph is of the same size, i.e., the

number of mistakes is at most 2k + (k + 1)(2 log(n/(k + 1))).
Accounting for the first mistake, we have that the number of mistake is at most 1+2k+(k+1)(2 log(n/(k+

1))) = O(k log(n/k) + k) as claimed.
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The next theorem shows a tighter bound. To prove it, we need more notations.
First denote the end points of each edge ei, for 1 ≤ i ≤ k, by pi and pi + 1. For simplicity, we set p0 = 0.

Note that nodes in Ci are pi−1 + 1, pi−1 + 2, . . . , pi. We also refers to a set of contiguous nodes as an interval
of nodes.

We call any node on which the algorithm makes a mistake a blue node; note that the number of blue
nodes at any time equals the number of mistakes the algorithm makes so far.

As in the proof of Theorem 1, we shall trace the execution of the algorithm.

Theorem 2. The 1-NN algorithm makes at most 2k + k log(n/k) + 1 mistakes where n = |V | and k is the
number cut edges.

Proof: We use a slightly different charging scheme. For each component Ci, we charge the first mistake
from nodes in Ci to the component itself. For other mistakes, we use the same charging scheme, i.e., we
charge them to the first cut edges encountered on the paths to the source nodes.

For each i, 1 ≤ i ≤ k, we will define an interval of nodes Wi that contains all node charging to ei such
that the sets W1,W2, . . . ,Wk are pair-wise disjoint.

The total number of mistakes charged to the components is at most k + 1. Using the same argument on
the maximum of the sum of logarithms as in the end of the proof of Theorem 1, to prove the theorem, it
suffices to show that the number of times each cut edge ei is charged is 1 + log |Wi|.

Consider edge ei that has at least one mistake charged to it.
Let v be the first blue node that charges to ei. Note that v is either from Ci−1 or Ci; let C ′ be one of

these subgraphs that contains v, and let C ′′ be another subgraph.
We assume that v is the first blue node in C ′; thus the mistake on v can be charged to C ′. We shall deal

with the case when v is not the first one later.
There are two cases. The first case is when every node charging to ei is from C ′. Define Wi to be the

minimal interval containing one of the endpoint of ei in C ′ and v. The proof from Theorem 1 shows that ei
is charged at most 1 + log |Wi| times.

Now consider the second case. Let u be the first node in C ′′ that charges to ei. We also assume that u is
also the first blue node C ′′. Recall that u’s mistake can be charged to C ′′. We define Wi to be the minimal
interval containing u and v.

At any step t in the execution of the algorithm, let Dt
i be a set of nodes that can possibly charge to ei

after step t. The argument as in Theorem 1 implies that after u charges to ei, in each step t that some node
charges to ei, the size of Dt

i decreases at least by a factor of two, i.e., |Dt
i | ≤ |D

t−1
i |/2.

Now consider each step t before u charges to ei. Observe that every candidate discarded in this step
must be in Wi, i.e., Dt−1

i −Dt
i ⊆Wi; thus, in those steps, we also have that

|Dt
i ∩Wi| ≤ |Dt−1

i ∩Wi|/2.

Since u does not charges to ei, we have that ei is charged by at most 1 + log |Wi| times.
We are left with the case that v or u (or both) are not the first blue nodes on C ′ or C ′′. We only consider

the case where there exists some mistake in C ′′ that charges to ei. Similar argument can be used when all
mistakes charged to ei are from nodes in C ′ but u is not the first blue node in C ′.

Let w′ and w′′ be the first blue nodes in C ′ and C ′′. If v 6= w′, we let v′ be the node adjacent to w′ which
is closer to ei; otherwise we let v′ = v. We define u′ similarly, i.e., u′ is the node adjacent to w′′ closer to ei
or u itself if u′ = w′′. We define Wi to be the minimal interval containing v′ and u′.

We are done if we can show that for each x ∈ {u, v} such that x is not the first node, when the algorithm
makes mistakes on x, the set |Dt

i ∩Wi| also shrinks by a factor of two. We look at the case where x = u,
the other case is similar. To see that this claim is true, note that one of the candidate sources of u is w′′,
but u chooses another node which is as far as the furthest node on the direction to ei in Dt

i ∩Wi.

Using Theorem 2 with the algorithm of Herbster et al., we obtain the mistake bound of

2(ΦG(u)) max

[
0, log2

(
n

2ΦG(u)

)]
+ 4ΦG(u) + 1,
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which is comparable to the original bound except on the constant of the second term. (We have 4, [6] has
2

ln 2 ≈ 2.88.)
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