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Abstract—This paper considers the linear network coding
problem when there are k independent source-sink pairs. When
k is not bounded, this problem is NP-hard. Recently Iwama,
Nishimura, Peterson, Raymond, and Yamashita show that when
k is fixed and the field F is fixed, the problem can be solved in
polynomial time. One of their key lemmas shows that the number
of vertices in the network performing the encoding operations
is at most |F|3k. This paper improves the bound exponentially
to k2|F|2k. Since their algorithm’s running time depends on this
bound exponentially, our bound implies an improved running
time.

Index Terms—Coding theory, Network coding, Networking

I. INTRODUCTION

Network coding introduced by Ahlswede, Cai, Li, and
Yeung [1] in 2000 provides a new perspective in data com-
munication. As routers become more powerful and average
computers can effectively act as routers in ad-hoc networks, it
is possible to manipulate messages to obtain higher delivery
rate.

In a pioneering work, Ahlswede, Cai, Li, and Yeung show
that, for multicast, there exists a network code that matches
that information rate obtained by the max-flow min-cut the-
orem. Li, Yeung, and Cai [2] prove that linear codes suffice
for multicast. Later works focus on how to efficiently find
the codes for the multicast case [3], [4], how to protect
against failures [5], and how to deal with other forms of
communication other than multicast [6], [7].

This work considers multi-source, multi-sink communica-
tions, where we would like to transmit message between k
source-sink pairs of vertices. While it is shown that it is not
always possible to use linear codes in this case [8], [9], Wang
and Shroff [6] shows that for k = 2 it is possible to find
the linear code, if one exists, in polynomial time. Iwama,
Nishimura, Peterson, Raymond, and Yamashita [7] prove that
this problem is solvable in polynomial time for a fixed k over
a fixed finite field F. In this work, we improve on the running
time of Iwama et al.

We state definitions and our contributions in Section II. Our
proofs are in Section III. One of our lemmas is very technical,
to save space, we put its full proof in the appendix.

II. PROBLEM DEFINITIONS AND RESULTS

We first define the problem formally. We follow mostly the
notations from Iwama et al.

We are given a directed acyclic graph (DAG) G = (V,E),
a set of k source-sink pairs (s1, t1), . . . , (sk, tk). The goal is
to transmit one message over a finite field F from each si to ti
for 1 ≤ i ≤ k. We call these k source-sink pairs a requirement
and denote it as R. For simplicity, we assume that si has no
incoming edges, and ti has no outgoing edges, for all i.

Messages are transmitted through edges in G. However, in
network coding approach, the messages can be manipulated by
vertices in the graph along the way. In general, the message
going out of each vertex is a function of the messages going
into that vertex. In this paper, we are interested in linear
coding; thus the functions are linear functions.

Consider each vertex v with in-degree d, denote by
l1, l2, . . . , ld the edges going into v. Let σ(v) =
(a1, a2, . . . , ad), where each ai ∈ F, be the gate assignment
mapping for v. Let X1, X2, . . . , Xd be the messages received
on edges l1, l2, . . . , ld respectively. The message sending to
other vertices from v is

d∑
i=1

ai ·Xi.

Note that we assume that v sends the same messages to all its
receiving vertices. This assumption can be easily removed by
duplicating v.

For 1 ≤ i ≤ k, let xi be the input message to si, also
let yi be the message that has be delivered to ti. We can
write yi as fi(x1, x2, . . . , xk) for some linear function fi
fully determined by the gate assignment mapping σ. For the
message to be correctly delivered to ti, we must have that
fi(x1, x2, . . . , xk) = xi.

The Linear Network Coding Problem over F (LNC(F)) is
to find the gate assignment mapping σ for all vertices in the
graph such that fi(x1, x2, . . . , xk) = xi for all 1 ≤ i ≤ k, for
any input (x1, x2, . . . , xk) ∈ Fk.

If there exists the required σ, we say that the requirement
R can be realized by σ.

As in [7], we shall not deal directly with general DAGs.
We assume that the input is 2/1-restricted graph, that is for all
vertices other than sources and sinks their (indegree,outdegree)
pair must be either (2,1) or (1,2). This assumption has been
used in Iwama et al. and also in Langberg, Sprintson, and
Bruck [10], who show that the polynomial time solvability
has not been affected by this assumption.



Previous result. Recently, Iwama, Nishimura, Peterson,
Raymond, and Yamashita [7] give a polynomial-time algo-
rithm for this problem for a fixed k. Their running time
depends heavily on k

We need more definition before stating their key lemma.
A vertex v with in-degree 2 whose gate assignment mapping
σ(v) = (a1, a2) is called a coding vertex if a1 6= 0 and a2 6= 0.
Iwama et al. prove the following lemma.

Lemma 1 ([7]): If R is realized by some gate assignment
mapping, it can be realized by a gate assignment mapping with
at most |F|3k coding vertices.

Let n be the number of vertices and C denote the bound
on the number of coding vertices. They present an algorithm
that solves LNC(F) in time

O(n2C · (3C + k)! · |F|2C · f(n,C)),

where f(n,C) is the running time for solving the Vertex-
Disjoint Path problem in a DAG using the algorithm by
Fortune, Hopcroft, and Wyllie [11]; note that f is polynomial
in n but maybe exponential in C.

Our contribution. In this paper, we improve the bound in
lemma 1 exponentially from |F|3k to k2|F|2k. This improves
the running time of the algorithm by Iwama et al. super
exponentially. While the algorithm remains only of theoretical
interest, this is the first step in making the algorithm more
practical.

We obtain this improvement using various facts from linear
algebra and also the Dilworth’s theorem [12] on the width of
a partially ordered set.

More related works. We only review previous works on
bounds on coding vertices. For other related work, we refer to
the Network Coding Homepage [13].

Except the work of Iwama et al [7], previous results deal
with multicast networks. For k = 2, Tavory, Feder, and
Ron [14] show the bound which is independent of the size
of the graph, while Fragouli and Soljanin [15] show that it
is at most the number of sinks. Langberg, Sprintson, and
Bruck [10], [16] show how to find network coding with the
number of coding vertices independent of the size of the graph,
for multicast with more than one packets.

III. MAIN THEOREM

In this section we prove our main theorem. Our goal is to
show that if we have a gate assignment mapping with more
than k2|F|2k coding vertices, we can modify the mapping so
that the number of coding vertices decreases.

We start with the definitions, mostly taken from Iwama et
al. [7].

Consider vertex v whose indegree is 2, we call one of
its incoming edge left and another right. The input from
the left (right) edge is called the left-side (right-side) input,
respectively. After defining left and right sides, we impose the
incoming edge ordering of v, i.e., when considering the gate
assignment mapping of v, we write σ(v) = (α, β) to mean
that the output of v is αX+βY when X is the left-side input
and Y is the right-side input.

To decrease the number of coding vertices, we modify the
gate assignment mapping so that α or β becomes 0, or both.

We review how Iwama et al. characterize the result of
changing the gate assignment mapping.

If there is a path from vertex v to edge l, we define the
effect of vertex v to l as the value on l when all source input
messages are 0 and we force the output value of vertex v to be
1. We denote the effect of v to edge l as êl(v). We abuse the
notation and write êi(v) to mean êl′(v) when l′ is the unique
incoming edge of ti. When l is not reachable from v, we say
that êl(v) = 0.

Note that the input from each edge is a linear combination
of the input message. We define the type of edge e to be
(a1, a2, . . . , ak) if the value on e is

∑k
i=1 aixi for the input

(x1, . . . , xk).
Let σ(v) = (α, β). A left-side γ-change of v is done by

changing the gate assignment mapping of v to (α + γ, β).
Similarly, A right-side γ-change of v is done by changing the
gate assignment mapping of v to (α, β + γ).

Iwama et al. prove the following lemma.
Lemma 2 ([7]): If the output of a vertex v is changed by

+µ then the output yi is changed by +êi(v) · µ. Also, the
value of edge l is changed by +êl(v) · µ.

The modification in Iwama et al considers two vertices with
the same edge types and either performs a left-side changes
and or right-side changes to remove one of the coding vertices.
However, in our case, we consider more than two vertices and
perform left-side changes on these vertices at the same time.

In our modification, we would like to keep the same outputs.
The notion of effect vector to be defined is the key to guarantee
that. We define an effect vector of a coding vertex v to be
ê(v) = (ê1(v), ê2(v), . . . , êk(v)). Iwama et al show that we
can change the gate assignment mappings of a pair of vertices
with the same effect vectors.

Lemma 3 ([7]): Suppose that vertices u and v have the
same effect vectors, and u is not reachable from v. If the
output value of u is changed by −µ, and then the output value
of v is changed by +µ, the outputs yi for any i remain the
same.

Note that the requirement that u is not reachable from v
is crucial. Otherwise by changing u’s output value, we also
change the effect vector of v.

We consider the structure of the input graph. Let C denote
a subset of coding vertices. We define a partial order ≺ over
C as follows. For vertices u, v ∈ C, we say that u ≺ v if
some incoming edge l of v is reachable from u. Otherwise,
we say that u 6≺ v. Observe that since the graph is acyclic, ≺
is a partial order.

When u ≺ v, changing the gate assignment mapping of u
would change the inputs of v.

We say that vertices u and v are comparable if u ≺ v or
v ≺ u. A set C ′ ⊆ C is called an antichain if no two nodes in
C ′ are comparable. A chain is a set C ′ ⊆ C in which every
two vertices are comparable. For a chain C ′ we can write its
members as v1, v2, . . . , v|C′| so that v1 ≺ v2 ≺ · · · ≺ v|C′|.



Figure 1. An antichain of size k+1 of coding vertices with the same effect
vector.

The following lemma is an easy consequence of the Dil-
worth’s theorem [12].

Lemma 4: If there are more than k2|F|k coding vertices in
set C, there are either
• an antichain C ′ ⊆ C of size k + 1, or
• a chain C ′ ⊆ C of size k|F|k + 1.
The next lemma shows that either there is a long chain or

there is a large antichain of coding vertices with the same
effect vector.

Lemma 5: If there are more than k2|F|2k coding vertices,
there exists a set of coding vertices C ′ whose effect vectors
are the same such that
• C ′ is an antichain of size k + 1, or
• C ′ is a chain of size k|F|k + 1.

Proof: We use the fact that the effect vector has dimension
k over |F|, Thus we can have at most |F|k unique effect vector
and also at most |F|k set of coding vertices due to their effect
vector. Then if we have more than k2|F|2k coding vertices
there exists a set of coding vertices C which have more than
k2|F|k coding vertices, from lemma 4 there must exists C ′ ⊂
C that is either an antichain of size k + 1 or a chain of size
k|F|k + 1.

We shall show that in either cases, we can modify the gate
assignment mapping so that the output of every sink is the
same while the number of coding vertices decreases by 1.
The next two subsections deal with each case separately.

A. The antichain case

In this section we show that if there is an antichain of size
k+1 of coding vertices with the same effect vector as shown
in Figure 1, we can modify the gate assignment mapping so
that the number of coding vertices decreases by 1.

Lemma 6: Let C be an antichain of coding vertices whose
the effect vector are the same of size at least k+1. For a gate
assignment mapping σ with n′ coding vertices, there is a gate
assignment mapping σ′ that produces the same outputs with
at most n′ − 1 coding vertices.

Proof: Let C = {v0, v1, ..., vk} be an antichain of coding
vertices whose the effect vector are the same and let the type
of left-side edge of the vertices in this set are a0, a1, . . . , ak
respectively. Since the type of edge has dimension k there
exists γi such that a0 =

∑k
i=1 γi · ai.

After this when we use the α-change we referred to the
left-side α-change.

For a gate assignment mapping σ, assume each vertex vi
has σ(vi) = (αi, βi), and the left-side input of vi is ui. This
mean u0 =

∑k
i=1 γiui. After the −α0-change to v0 the output

value of vertex v0 will changed by −α0u, then by chosen
α′i = α0γi for all 1 ≤ i ≤ k, the sum of the changed output
value of vertices vi from the α′i-change to vi is +α0u. Thus
the outputs after modify the gate assignment mapping remain
the same.

Then by modify the gate assignment mapping to σ′ which
σ′(v0) = (0, β0) and σ′(vi) = (αi + α0 · γi, βi) for all 1 ≤
i ≤ k. We can decrease the number of the coding vertices by
1.

If a set of coding vertices C whose effect vector are the
same is an antichain of size more than k, we can change
the gate assignment mapping of vertices v ∈ C to decrease
numbers of these coding vertices to no more than k.

B. The chain case

To deal with this case we need more definition about the
effect.

Consider vertex v and an edge l reachable from v. We define
the effect vector of v excluding l, denoted by ĝl(v), to be the
effect vector of v, after removing l from the graph. We also
define the effect vector of v passing through l, denoted by
g̃l(v), to be ê(v)− ĝl(v).

We deal with a simple cases that consider only two vertices
in the chain.

Lemma 7: If there exists a pair of vertices v1, v2 such that
• v1 and v2 have the same effect vector, i.e., ê(v1) = ê(v2),
• v1 and v2 have the same left-side input u, and
• v1 ≺ v2, and
• ĝl(v1) 6= 0 where l is the left-side incoming edge of v2,

then there exists a gate assignment mapping σ′ such that
σ′(v2) = (0, β) when σ(v2) = (α, β) and σ′(w) = σ(w)
for all vertices w ∈ V −{v1, v2}. I.e., we can remove v2 from
the set of coding vertices.

Proof: Consider performing a left-side α′1-change at v1
and a left-side −α2 left-side change at v2. After this, the gate
assignment mapping of v2 becomes (0, β).

Note that the α′1-change at v1 changed the output value of v1
by +α′1u, and the left-side input of v2 will be u+êl(v1)·α′1 ·u.
After the −α2-change at v2 the output value of v2 is changed
by −α2 · (u− (êl(v1) · α′1 · u)).

We want

α′1 · u = α2 · (u− (êl(v1) · α′1 · u)),

so that all outputs remain the same. This is true iff

α′1 = α2 · (1 + (α2 · êl(v1))−1.

There exists α′1 when α2 ·êl(v1) 6= 1. We now show that this is
the case. Assume otherwise, i.e., that α2 · êl(v1) = 1. From the
definition of ĝl(v1), we have that ĝl(v1) = ê(v1)− g̃l(v1) =
ê(v1) − ê(v2) · α2 · êl(v1) = 0, because ê(v1) = ê(v2). This
contradicts the assumption that ĝl(v1) 6= 0.



We say that a vector x ∈ Fk is a scale of y ∈ Fk if there
is δ ∈ F such that x = δy. We now state our main technical
lemma.

Lemma 8: If there exists a chain of coding vertices C =
{v1, v2, , . . . , vl+1} such that
• the effect vector ê(vl+1) 6= 0,
• for all vi ∈ C, If the effect vector ê(vi) 6= 0 it is a scale of

ê(vl), i.e., there exists δi 6= 0 such that δi · ê(vi) = ê(vl),
• all vertices has the same left-side input u,
• êhi+1(vi) · αi+1 6= 0, for all 1 ≤ i ≤ l, where hi is

left-side edge of vi and σ(vi) = (αi, βi),
• type of right-side edge of vi is γ(i,1)y′1+ γ(i,2)y

′
2+ . . .+

γ(i,i)y
′
i where γ(i,1), γ(i,2), . . . , γ(i,i) ∈ F and γ(i,i) 6= 0

and y′1, y
′
2, . . . , y

′
l are the orthogonal,

for a gate assignment mapping σ, then for any

γ′1, γ
′
2, . . . , γ

′
l ∈ F,

there exists a gate assignment mapping σ′ where σ′(vi) =
(α′i, β

′
i) for all vi ∈ C − {vl+1}, σ′(vl+1) = (α′l+1, βl+1),

where σ(vl+1) = (αl+1, βl+1), and σ′(w) = σ(w) for all
w ∈ V/C such that the output value delivered to sinks i is
changed by

(γ′1y
′
1 + γ′2y

′
2 + . . .+ γ′ly

′
l) êi(vl+1).

This can be seen as a generalization of the main lemma in
Iwama et al. to the case where the type of right-side edges are
not the same. This lemma is proved in the appendix.

With Lemma 8, we can deal with long chain.
Lemma 9: Consider a gate assignment mapping σ with n′

coding vertices. If there is a chain C of coding vertices of
size at least k|F|k +1 whose effect vectors are the same, then
there is a gate assignment mapping σ′ that produces the same
outputs with at most n′ − 1 coding vertices.

Proof: Since there are at most |F|k input vectors, we know
that there exists set C ′ ⊆ C with k+1 vertices with the same
left-side input u. Write these vertices as v1, v2, . . . , vk, vk+1

such that
v1 ≺ v2 ≺ . . . ≺ vk+1.

Denote the left-side incoming edge of vi as li.
Note that if there exists a pair of vertices vi ≺ vj such that

ĝlj (vi) 6= 0, then from Lemma 7, we can perform a left-side
change at v2 to reduce the number of coding vertices, and we
are done.

Consider the other case, i.e., when for all 1 ≤ i ≤ k,

ĝli+1(vi) = 0.

Let yi be the right-side input of vi. We shall construct set
C ′′ ⊂ C ′ that satisfies the assumption of Lemma 8. Initially,
let C ′′ = {v1}, and y′1 = y1; then, repeat the following steps:

Step 1. Let vj be the vertices with the smallest index not
in C ′′. If yj is spanned by y′1, y

′
2, . . . , y

′
j−1, stop.

Step 2. Otherwise, there exists non-zero vector
y′′ not spanned by y′1, y

′
2, . . . , y

′
j−1 such that

yj = γ(j,1)y
′
1 + γ(j,2)y

′
2 + . . . + γ(j,j−1)y

′
j−1 + y′′, for

some γ(j,1), . . . , γ(j,j−1) ∈ F. Add vj to C ′′, and let y′j = y′′.
Repeat Step 1.

Since all vectors yj’s are in Fk, the steps can be repeated
for at most k time; i.e., after the steps terminate |C ′′| ≤ k,
i.e., at most k vectors y′i are added to C ′′. Let ` = |C ′′|.

We now verify that the assumption of Lemma 8 is met with
set D = C ′′ ∪ {v`+1}. All conditions are clearly true except
the condition that

êli+1
(vi) · αi+1 6= 0,

for all 1 ≤ i ≤ l, where li is left-side edge of vi and σ(vi) =
(αi, βi). This is true because, using the same argument as in
Lemma 7, our assumption that ĝli+1

(vi) = 0 implies êli+1
(vi)·

αi+1 = 1.
We now show that there exists a gate assignment mapping

σ′ with same outputs such that v`+1 is no longer a coding
vertex.

We first perform a (−β`+1) right-side change at v`+1. This
ensures that v`+1 is no longer a coding vertex, and the change
in the output value at sink ti is

− (γ′1y
′
1 + γ′2y

′
2 + . . .+ γ′ly

′
l) êi(vl+1).

Apply Lemma 8, we have the new gate assignment mapping
σ′ that reverses the above output change. Note that it is very
important that the lemma does not change the co-efficient on
the right-side edge of v`+1, so that the lemma guarantees that
v`+1 remains a non-coding vertex. Thus, the lemma follows.

C. The main theorem

In this section, we prove the main theorem.
Theorem 1: If R is realized by some gate assignment

mapping, it can be realized by a gate assignment mapping
with at most k2|F|2k coding vertices.

Proof: Consider a gate assignment mapping σ that re-
alizes R. If there are more than k2|F|2k coding vertices in
σ, from Lemma 5, we have that there exists a set of coding
vertices C whose effect vectors are the same such that (1) C is
an antichain of size k+1, or (2) C is a chain of size k|F|k+1.

We can use Lemma 6 to deal with the first case, and
Lemma 9 to deal with the second case. Thus, we can decrease
the number of vertices by at least 1. This procedure can be
repeated while the number of coding vertices is greater than
k2|F|2k. This proves our main theorem.

IV. CONCLUSIONS

We improve the bound on the number of coding vertices
needed for linear network coding with k source-sink pairs.
This improves the running time bound of the algorithm of
Iwama et al, exponentially. While the algorithm still remains
of only theoretical interests, the techniques in this paper may
be useful for developing a more practical one.
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APPENDIX

The next lemma is required in the proof.
Lemma 10: If there exists a pair of vertices v1, v2 such that
• v1 ≺ v2, and
• the effect vector of v1 is a scaled of the effect vector of
v2, i.e., ê(v1) = δ · ê(v2)

then after the left-side (or right-side) γ-change at v2 the new
effect vector of v1, ê′(v1) remained to be a scale of ê(v2).

Proof: We will proof only the left-side case since the
right-side case is similar to the left-side. Let l be the left-side
incoming edge of v2. If g̃l(v1) = 0, the left-side change at v2
does nothing to the effect vector of v1. Then we need to show
only when g̃l(v1) 6= 0. Assume a gate assignment mapping
σ(v2) = (α2, β2). Consider the effect vector, we know that

ê(v1) = ĝl(v1) + g̃l(v1) = δ · ê(v2)

and
g̃l(v1) = êl(v1) · α2 · ê(v2)

Then ĝl(v1) must be a scale of ê(v2).

Figure 2. A chain of size p+1 of coding vertices with the same left-side
input and the same effect vector.

After the left-side γ-change at v2 the effect vector g̃l(v1)
is changed to g̃′l(v1) = êl(v1) · (α2 + γ) · ê(v2), this is also a
scale of ê(v2). Thus the new effect vector of v1 is remain a
scale of v2.

We are ready to prove our main technical lemma.
Proof: We prove this lemma by induction on l.

The base case. We prove the lemma when l = 1.
Consider vertices v1, v2. Let the type of right-side incoming

edge of v1 is γ1y′1. If the effect vector of v1 is zero, i.e.,
ê(v1) = 0, We changed a gate assignment mapping of v1 to
(α1 + (êh2

(v2))
−1, β1) this does not have any effect to the

output value at the sink because ê(v1) = 0. Then after the
−α2-change at v2 the output value at sink yi is changed by
−êi(v2) · α2 · u and the new effect vector of v1 is

ê′(v1) = −êh2
(v2) · α2 · ê(v2)

Then the left-side −(êh2(v2))
−1 change at v1 the output value

at sink yi is changed by +êi(v2) ·α2 ·u, this negate the change
in output value from the left-side change at v2, and we have
ê(v1) = −êh2

(v2) · α2 · ê(v2) 6= 0.
Consider when ê(v1) 6= 0, There exists β′ that after the

right-side β′-change at v1 the output value delivered to sink ti
is changed by γ′1y

′
1 · êi(v2). Since we know δ1ê(v1) = ê(v2)

then by choose β′ = γ′1δ1(γ1)
−1, we have the output change

we want.
Inductive step. Assume the statement holds for l = p, we

show that the statement also holds for l = p + 1. Consider
the vertices vp and vp+1 in a chain as shown in Figure 2, If
the effect vector ê(vp) = 0 we will change it by perform a
left-side change similar to the base case.

Let a change of output delivered to sink ti that we want is

(γ′1y
′
1 + γ′2y

′
2 + . . .+ γ′pyp) · êi(vp+1).

If we choose β′p = γ′p(δpγ(p,p))
−1, after performing the right-

side β′p-change at v2, the output delivered to ti will changed
by (φ + γ′py

′
p) · êi(vp+1) where φ is linearly dependent on

{y1, y2, . . . , yp−1}. The remaining output changed we need is

(γ′1y
′
1 + γ′2y

′
2 + . . .+ γ′p−1yp−1 − φ) · êi(vp+1).

Since êi(vp+1) = δp · êi(vp) and φ is linearly dependent
on {y1, y2, . . . , yp−1}. The remaining output changed can be
rewritten as

(γ′′1 y
′
1 + γ′′2 y

′
2 + . . .+ γ′′p−1yp−1) · δp · êi(vp).

Which from the hypothesis, we can modify the gate as-
signment mapping of vertices v1, v2, . . . , vp−1 to obtain this
change. This proves the inductive step.


