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Abstract

Reconstructing the Tree of Life is one of the most
important research goals in evolutionary biology. In
this paper, we consider one of the issues regarding in-
consistency among the trees reconstructed using se-
quences from different genes, called gene trees. This
inconsistency is often a result of gene duplication.
Given a species tree and a set of gene trees, the
Multiple Gene Duplication Problem as formulated by
Guigo, Muchnik, and Smith asks for an assignment
of gene duplication events on the species tree node
to minimize the number of duplication episodes. Re-
cently, Bansal and Eulenstein give the first efficient
algorithm for solving that problem. Their algorithm
runs in quadratic time. In this paper we give the first
linear-time algorithm for the problem. Our algorithm
can be seen as a faster implementation of Bansal and
Eulenstein’s method. We also present a more practical
algorithm that runs in near-linear time. Experiments
on synthetic data show a very good improvement on
the running time (at least twice faster).

1 Introduction

In evolutionary biology, reconstructing the evolution-
ary history of a set of species is one of the most im-
portant problem. Usually the evolutionary process is
modeled as a phylogenetic tree, a tree whose leaves
represent species and internal nodes represent ances-
tral species.

All methods for reconstructing a phylogenetic tree
of a given set of species employ some measure of sim-
ilarity based on their genomic data, which are either
sequence data or, not until recently, gene-order data
(see survey in [12]). A vast number of research work
has been conducted regarding reconstruction based on
sequence data. Under certain evolutionary models the
reconstruction can be done very efficiently in terms
of sequence length [4, 11]. Also, a large number of
tools for infering a phylogenetic tree from sequence
data have been developed [16, 15, 6].

The problem arises when there are many sets of
sequence data. It is well observed that phylogenetic
trees constructed from sequences of different genes

are not compatible (see, e.g., in [5, 9]). The main rea-
son for this inconsistency is an important evolutionary
event calledgene duplication(see review on biolog-
ical background in Section 2). Guigo, Muchnik, and
Smith [7] are among the first who address this problem
and formulate the tree reconstruction problem from a
set of inconsistent trees. Their goal is to find the “best”
species tree from a set of inconsistent trees obtained
from different sets of gene sequence data, called gene
trees. The best species tree is the tree which requires
the smallest number of gene duplication events needed
to explain all the gene trees.

There are many attempts to capture the notion of
smallest number of events (see discussion in [1]). Re-
cently Bansal and Eulenstein [1] formally define the
notion ofmultiple gene duplication episodesand de-
fine theMultiple Gene Duplication Problemthat aims
to find the assignment of duplication events on gene
tree nodes to nodes in the species tree with the min-
imum number of multiple gene duplication episodes.
Bansal and Eulenstein also give the first efficient algo-
rithm that solves the multiple gene duplication prob-
lem.

While the algorithm of Bansal and Eulenstein is
efficient and runs very quickly on small inputs, its
running time is still quadratic (see Section 3, for the
actual running time). The need for faster algorithm
does not come only from the theoretical point of view.
The problem of finding the minimum number of du-
plication episodes between a given species tree and
gene trees in itself is not very important, but it is used
(see [7] and mentioned also in [1]) as a subroutine
in many local search algorithms for finding the best
species tree that best explains the set of gene trees.
This later problem is called Gene-Tree Reconciliation,
which is very important (see, e.g., [10, 13]).

1.1 Our contribution

In this paper we give a linear-time algorithm for the
Multiple Gene Duplication Problem. Our algorithm
is essentially a faster implementation of Bansal and
Eulenstein’s idea.

While our first algorithm runs in linear time, it is
quite difficult to implement. Therefore, we also pro-
vide another way to implement our algorithm which
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Figure 1: An example showing gene duplication.

Figure 2: An inconsistent gene tree.

is easier to program and runs in near-linear time. We
have conducted some experiments. The results shows
that our near-linear-time algorithm runs twice faster
than the original algorithm of Bansal and Eulenstein
even on small inputs. For larger inputs, the speed ups
also increase.

2 Preliminaries

In this section we review some biological background
and later provide basic notations and definitions.

2.1 Biological background

We briefly sketch the background on gene duplication
and its effect on gene-tree species-tree inconsistency.
The paper of Guigoet.al. [7] serves well as a good
starting point for further references.

Gene duplicationis the event that some region of
DNA that contains a gene gets duplicated (see Fig-
ure 1).

To see how gene duplication causes gene-tree-
species-tree inconsistency, we reproduce here a classic
example taken from [7]. Figure 2 shows a species tree
and an inconsistent gene tree, which shows that under
that particular gene, speciesB is closer to speciesC
than to speciesA.

Figure 3 illustrates how gene duplication explains
this inconsistency. Consider geneg, shown as rectan-
gles. First, at the root of the species tree gene duplica-
tion occurs; now the top-most species has two copies
of geneg. Both copies evolve independently. Next,
speciesC splits off from theAB evolutionary path;
along the way to become speciesC, the first copy of
the g is lost. On theAB path later speciesA andB
split; while speciesA loses the second copy of theg
andB loses the first copy. Now, since speciesB andC
have the same copy of the gene after the duplication,
they look closer to each other than to speciesA. The fi-
nal reconstructed tree using this gene sequence is then
shown as thick shaded lines.

Figure 3: A duplication event on a species tree.

2.2 Definitions

We work mainly on full binary trees, binary trees
whose nodes are either leaf nodes or internal nodes
with exactly two children. LetT be a full binary tree.
We useV (T ), E(T ), L(T ), and r(T ) to denote the
node set, the edge set, the leaf set, and the root node
of T , respectively. For a nodeu in T , we denote byTu

the subtree ofT rooted atu. For any treeT , we denote
by h(T ) the height ofT , i.e., the number of nodes on
the longest path from its root to some leaf.

There are two types of trees in this paper. Aspecies
tree is a binary tree of which each leaf is labeled with
a distinct species. A species tree represents evolution-
ary relationship among species. Agene treeis also a
binary tree representing, for a given gene family, the
evolutionary relationship among genes in the given set
of species; thus, each leaf in a gene tree represents a
gene in a particular species. We therefore label each
leaf on a gene tree with an associated species of that
gene. Since we use binary trees to represent evolution-
ary history, internal nodes represents ancient species
(for species trees) or ancestral gene (for gene trees).

Given a gene treeG and a species treeS, to com-
pare these two trees we shall map each nodeu in G
to some node inS. If u is a leaf node, we mapu to
the corresponding species inS. Whenu is an internal
node, recall thatu is an ancestral gene for all leaves of
subtreeGu, i.e., genes inL(Gu); thus a speciesv that
containsu must also be an ancestor of all species that
contain all these genes. This motivates the following
definition of the least-common-ancestor (LCA) map-
ping.

Given a gene treeG and a species treeS, an LCA
mappingLCA : V (G) → V (S) can be defined as
follows.

Definition 1 (LCA mapping) For a nodeu ∈ V (G),
LCA(u) is a nodev ∈ V (S) which has the most dis-
tance fromr(S) such thatL(Gu) ⊆ L(Sv).

From the definition, for a gene nodeu, LCA(u) is
eitherLCA(P (u)) or a descendant ofLCA(P (u)),
whereP (u) is the parent ofu. If LCA(u)is a de-
scendant ofLCA(P (u)), the mutation fromP (u) to
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u can explain a path of speciations fromLCA(P (u))
to LCA(u). If LCA(u) = LCA(P (u)), it means that
there is a gene mutation which has no corresponding
speciation. This leads us to get the concept of gene
duplications to explain the event.

Given an LCA mappingLCA, a nodeu in a gene
tree G is called aduplication nodeif LCA(u) =
LCA(u′) for someu′ havingu as the parent.

It is not difficult to find the setDup(G, S) of all du-
plication nodes when a gene treeG and a species tree
S are given. Nevertheless, for a duplication nodeu,
the duplication event may not happen in the species of
LCA(u). Hence, we will consider where each dupli-
cation event appears inS.

For nodesu, v ∈ V (S) whereu is a descendant of
v, we denoteMid(u, v) to be the set of all nodes that
are ancestors ofu and are descendants ofv. In the
other words,Mid(u, v) is the set of all nodes between
u andv in S.

Definition 2 For a duplication nodeu ∈ Dup(G, S),
we define the set of possible locations inS of the event
at u (called the intervalI(u)) to be

• {LCA(u)} ∪ {v ∈ V (S)|v is an ancestor of
LCA(u)} if u is a root node,

• {LCA(u)}∪Mid(LCA(u), LCA(P (u)))} oth-
erwise.

For a nodeu /∈ Dup(G, S), we defineI(u) =
{LCA(u)}.

We say that a mappingM from V (G) to V (S) is
valid if for eachu ∈ V (G), M(u) ∈ I(u)

In our problem, we are givenk gene trees:
G1, G2, . . . , Gk. Given a mapping from each gene
tree to a species treeS, we shall let a mappingM
from the union of all gene trees to a species tree be a
union of all such mappings.

For a nodev in S, denote byM−1(v) the set
{u|M(u) = v}, i.e., the set of nodes in gene trees
havingv as an image fromM . We also letFM−1(v)
be the forest in∪iGi induced by nodes inM−1(v).
For a given forestF , let the heighth(F ) be the maxi-
mum height of any trees inF .

Givenk gene treesG1, G2, . . . , Gk, and a species
treeS, the Multiple Gene Duplication Problemis to
find a valid mappingM such that

∑

v∈V (S)

h(FM−1 (v))

is minimized.
This problem can be solved in polynomial time.

The first efficient algorithm was proposed by Bansal
and Eulenstein [1].

3 The Bansal-Eulenstein algo-
rithm

In this section we describe the Bansal-Eulenstein al-
gorithm and review its running time analysis. We first
introduce more notations.

The Bansal-Eulenstein algorithm
input: gene treesG1, ..., Gk and a species treeS

1: Initialize M to be the LCA mapping from eachGi to S.
2: ComputeI(u) for each nodeu in the gene trees.
3: for each nodev ∈ S in a post-order traversaldo
4: if |M−1(v)| > 0 then
5: if all leading nodes inM−1(v) are freethen
6: UpdateM by moving the maps of all these

leading nodes toP (v).
7: end if
8: end if
9: end for

10: ReturnM .

Figure 4: the Bansal-Eulenstein algorithm.

For a mappingM and a nodev ∈ V (S), we call a
nodeu ∈ M−1(v) a leading nodeif u is a root node
of one of the highest trees inFM−1 (v). For a node
u ∈ M−1(v), if the parent ofv is in I(u), we callu a
free node.

The Bansal-Eulenstein algorithm is shown in Fig-
ure 4.

3.1 Algorithm description

The algorithm maintain a valid mappingM from
nodes in gene trees to nodes in the species tree. Ini-
tially, it setM to be the LCA mapping. The algorithm
proceeds by considering each nodev in the species
tree in the same order as in the post-order tree traver-
sal. It then modifies the mappingM for all leading
nodesu in M−1(v) if they are all free. The new map-
pingM ′ mapsu to P (v).

Bansal and Eulenstein [1] proved that this algorithm
produces the minimum cost valid mapping. We refer
to their paper for proofs of correctness.

3.2 Running time

In order to analyse the running time of the Bansal-
Eulenstein algorithm, we denote byn the number of
species, andmi the number of genes inGi. We let
m =

∑k
i=1 mi.

Bansal and Eulenstein give a very crude analysis of
the running time. During the preprocessing, the algo-
rithm computes the LCA mapping and, for each node
u in any gene trees, the intervalI(u). The interval
I(u) is needed so that the algorithm can verify ifu is
free inO(1) time.

The running time of the Bansal-Eulenstein is dom-
inated by Steps 4-8. For each nodev in Step 3 of the
algorithm, it looks at all inverse imageM−1(v). Since
the upper bound on the size ofM−1(v) is

∑k
i=1 mi =

m, the algorithm spendsO(m) time for each nodev;
thus, this leads to theO(mn)-time bound.
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4 A faster algorithm

In this section we present a faster algorithm for the
Multiple Gene Duplication Problem.

As in the Bansal-Eulenstein algorithm, our algo-
rithm starts by computing the LCA mapping from ev-
ery gene tree nodes to nodes in the species tree. Given
that mappingI(u) for each nodeu in a gene trees
can be computed very easily. These steps can be im-
plemented to run very efficiently; Section 5 discusses
some of the implementation.

We give a faster implementation for the map im-
provement steps (i.e., Steps 3-9). Instead of recom-
puting and checking every node inM−1(v) at every
step, we only look at nodes in gene trees when we re-
ally have to.

The following properties regarding how many steps
a leading node can move up the tree are very crucial
to our analysis.

Lemma 1 Let u be a free leading node inM−1(v)
for v ∈ V (S) and a valid mappingM such that all
leading nodes inM−1(v) are free, and letM ′ beM
after moving the maps of all the leading nodes fromv
to P (v). u is a one-node tree inFM ′−1 (P (v)).

Proof: Let c be a child ofu in the original gene
tree. There are two cases ofc: c ∈ M−1(v) or
c /∈ M−1(v). If c ∈ M−1(v), it means thatc is also a
child of u in FM−1(v) and cannot be a leading node.
The map ofc in M cannot move toP (v) for the step.
If c /∈ M−1(v), from the definition of a valid map-
ping,M(c) is a descendant ofv, and so is each node
in I(c). Therefore,P (v) is not an element inI(c) so
the map ofc cannot move toP (v), or else, it leads to
a non-valid mapping.

From both cases, there is no child ofu appearing in
FM ′−1 (P (v)), thenu is a one-node tree.

Lemma 2 Let LN(v) be the set of all leading nodes
in M−1(v), the number of steps in which each node in
LN(v) can move its map is less than or equal the min-
imum size ofI(w) minus one for allw in LN(v). In
the other words, each nodeu in LN(v) cannot move
its map more thanminw∈LN(v)(|I(w)| − 1) times.

Proof: In the Bansal-Eulenstein algorithm, the maps
of nodes inLN(v) are moved only if all of them
are free. After moving, either they all are still lead-
ing nodes or none of them are. It means that the
moving of the maps of all nodes inLN(v) will stop
at the same time. Therefore, the number of mov-
ing steps is the least of all, which can be at most
minw∈LN(v)(|I(w)| − 1) (the number of possible lo-
cations leftover).

From Lemma 1, We can see that after a leading
node moves its map up fromv to P (v), it will be a
leading node ofP (v) if and only if all the leading
nodes ofP (v) are roots of one-node trees, or there
is no node mapping toP (v). If it is still a leading
node after moving, lemma 2 will helps us to decide if

Algorithm 2.
input: gene treesG1, ..., Gk and a species treeS

1: Initialize M to be the LCA mapping from eachGi to S.
2: Compute|I(u)| for each nodeu in the gene trees.
3: ComputeLN(v) for eachv ∈ S, and LetH(v) =

h(FM−1(v)).
4: Compute the number of steps which all nodes in

LN(v) can move in, denoted byStep(v) =
minu∈LN(v)(|I(u)| − 1) for eachv ∈ S.

5: for each nodev ∈ S in a post-order traversaldo
6: if LN(v) 6= ∅ andStep(v) > 0 then
7: UpdateM by moving the maps of all nodes in

LN(v) from v to P (v).
8: Step(v)← Step(v)− 1
9: if H(P (v)) = 1 then

10: Step(P (v))←
11: min(Step(P (v)), Step(v))
12: LN(P (v))← LN(P (v)) ∪ LN(v)
13: else ifH(P (v)) = 0 then
14: Step(P (v))← Step(v)
15: LN(P (v))← LN(v)
16: H(P (v))← 1
17: end if
18: end if
19: end for
20: ReturnM .

Figure 5: a faster algorithm

we can move its map again. This leads us to a new
algorithm presented in Figure 5.

In the initial part in Algorithm 2, we add the com-
puting of leading nodes and the numbers of steps. For
each map improvement step, we check whether there
are leading nodes and whether they can move their
maps by looking the number of steps they can move
(the value ofStep). If the leading nodes can move
their map up, we instantly check whether they will be
leading nodes again. If they will, we then update the
set of leading nodes of the new species node and up-
date the number of steps for the new leading node set.
We will show that for each species node, we can check
all these conditions in constant time.

Theorem 1 Algorithm 2 always produces an opti-
mal valid mapping for the Multiple Gene Duplication
Problem.

Proof: Since Algorithm 2 looks and updates leading
nodes in the same way as the Bansal-Eulenstein algo-
rithm, we can see that Algorithm 2 produces the same
output as the Bansal-Eulenstein algorithm. Then,
because the Bansal-Eulenstein algorithm solves this
problem, Algorithm 2 does too.

Now, we consider the running time of Algorithm 2.
Let n be the number of species andm be the number
of all genes.

Theorem 2 The running time of Algorithm 2 is
O(m + n).

Proof: Consider Step 1 in the algorithm. The LCA
mapping can be constructed inO(m + n) by using
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O(n) for preprocessing andO(m) to map each node
in gene trees to a node in the species tree. In Step 2,
we do not need to find the setI(u) because we use
only its size in the algorithm. Computing the size of
eachI(u) can be done inO(m) if we know the level
of each node in the species tree. Steps 3-4 can also be
computed inO(m + n). Now we consider each loop
from Step 5 to 18. In line 7, we can updateM in O(1)
time using a list data structure (see Section 5). So each
loop takesO(1) time. Because there areO(n) loops,
line 5 to 18 takeO(n) time. Therefore, Algorithm 2
takes the running time ofO(m + n).

5 Practical implementation

Algorithm 2 looks simple to implement if we can find
the LCA mapping and can update maps efficiently. We
describe in this section how to compute the LCA map-
ping, and then how to update maps in Step 7 of Algo-
rithm 2 in constant time.

The problem of finding lowest common ancestors
has been studied for long time. Harel and Tarjan were
the first to develop a data structure for this problem,
based on union-find [8]. Nowadays, there are many al-
gorithms that takeO(n) time for preprocessing a tree
of n nodes, and answer an LCA query in constant time
[2, 3, 14]. However, those algorithms are so compli-
cated. In our implementation, we choose a simpler
algorithm which takesO(n log n) time for preprocess-
ing and answer each query in constant time. This algo-
rithm was shown in [2]. For the LCA mapping in our
problem, we run the preprocessing step and find the
map from each node in gene tree. From the fact that
LCA(u) is the lowest common ancestor ofLCA(ul)
andLCA(ur) whereu = P (ul) = P (ur), we can
useO(1) time to find the map for each gene node us-
ing a post-order traversal. Therefore, computing LCA
mapping can be done inO(m + n log n) time.

For the map improvement steps, we use two linked
lists for each species nodev, calledmoving listand
stopped list. The moving list contains all leading
nodes ofv that still can move their maps over. The
stopped list contains the other nodes mapping tov.
When we want to update the maps of the leading nodes
of v, we get the head of the moving list to point to the
tail of the moving list ofP (v) if the leading nodes
still can move up their maps, and to the stopped list of
P (v) otherwise. These steps can be done in constant
time.

When the map improvement steps are finished, we
shall update the real map from each gene nodeu to the
species node havingu in the lists. Each species nodev
is considered and all nodes in both lists ofv will map
to v. All these steps can be done inO(m + n) time.
So, our implementation takesO(m+n log n) time for
computing the LCA mapping and takesO(m+n) time
for the other steps.

Table 1: Running Time of BansalOpt and LinearOpt
(in seconds)

Number of species BansalOpt LinearOpt
500 1.32 0.71
1000 3.02 1.51
1500 4.63 2.29
2000 7.18 3.40
3000 10.99 4.73
4000 61.43 9.59

6 Experimental results

In our experiment, we implemented Algorithm 2 and
compared its running time with the Bansal-Eulenstein
algorithm. The LCA mapping was implemented as
described in Section 5. The input datasets were gener-
ated randomly when the number of species and gene
trees had been given.

For a species tree, after the number of species (n)
had been given, we created a set ofn elements to be
the leaves. We then randomly picked up two elements
in this set and create a new element of the set to be
their parent. When we did it until the set had one ele-
ment, the species tree were constructed. To generate a
gene tree, we randomized a number for each species.
This number was used to be how many genes in the
gene tree are found in this species. When we had got
a set of genes, we could randomly build a gene tree
the same way as the species tree.

We tested on six sizes of datasets. Each of the
datasets had 200 gene trees and a species tree. For
each gene tree we allowed a species to have from 0
to 10 genes. It means that the number of genes can
be 2000 times as many as the number of species. The
number of species was varied in six values. For a num-
ber of species, we randomly generated five datasets
and compute the average time of each algorithm. Ta-
ble 1 shows the running time of the program of the
Bansal-Eulenstein algorithm, denoted by BansalOpt,
and the program of Algorithm 2, denoted by Lin-
earOpt. For all experiment, we used Windows XP op-
erating system on a 3.40GHz Intel(R) Pentium(R) D
CPU with 1 GB of RAM.

7 Conclusions and open problems

In this paper, we present a linear-time algorithm for
the Multiple Gene Duplication Problem. We also
show a practical implementation which runs in near-
linear time. Experiments show that our algorithm runs
faster than the previous algorithm by Bansal and Eu-
lenstein [1].

While our algorithm can be used to speed up vari-
ous heuristics for finding good reconciled trees, only
few special cases for the tree reconciliation problems
have provably-good methods [10]. This is one of
many important open problems in this area.
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