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3D LINEAR ALGEBRA
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ก������������

• �����������	�	����������

• ����ก���: �����ก����������
�ก�	�

(x, y, z)

• 
�����
�ก
�����������

• 
�ก
������
 �

u,v,w

R
3 = {(x, y, z) : x, y, z ∈ R}

x = (1, 0, 0), y = (0, 1, 0), z = (0, 0, 1), 0 = (0, 0, 0)
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• !������"
– ���#	�������

– $� $��#	�������
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()�����ก�����
ก������������

• ก���	�#�%

• ก����ก&��
�ก
����

u = (x1, y1, z1)

v = (x2, y2, z2)

• ก��!'�
�ก
�����%�"�
ก���
u+ v = (x1 + x2, y1 + y2, z1 + z2)

cu = (cx1, cx2, cx3)



()�����ก�����
ก������������ (�&�)

• ก����ก = 
��$%�"�(����

x

y

z

O

u

v

u+ v



()�����ก�����
ก������������ (�&�)

• ก��!'��%�"�
ก��� = ก��")�/��

x

y

z

O

u

c1u

c2u



Linear Combination

• #�%  
�*	
�ก
����#�+ 

&�  !)����	�	����#�+


��
�,"ก

v1,v2, . . . ,vn

c1, c2, . . . , cn

�(� linear combination ���

c1v1 + c2v2 + . . .+ cnvn

v1,v2, . . . ,vn



Linear Combination (�&�)

• 
�ก
�����������$�ก
�ก
����
�*	 linear combination ��� 

x, y, &� z

(x, y, z) = x(1, 0, 0) + y(0, 1, 0) + z(0, 0, 1) = xx+ yy + zz



Span

• -%�                        
�*	
�ก
����#�+ &%�


��
�,"ก
��

�(� span ��� 

v1,v2, . . . ,vn

{c1v1 + c2v2 + · · ·+ cnvn : c1, c2, . . . , cn ∈ R}

�(� span ��� v1,v2, . . . ,vn



Span (�&�)

• Span ��� x, y, &� z �,!(�
$(�ก��

• Span ��� x �,!(�
$(�ก��&ก	 x

• Span ��� y �,!(�
$(�ก��&ก	 y

• Span ��� z �,!(�
$(�ก��&ก	 z

R
3

• Span ��� z �,!(�
$(�ก��&ก	 z

• Span ��� x &� y �,!(�
$(�ก����	�� xy

• Span ��� x &� z �,!(�
$(�ก����	�� xz

• Span ��� y &� z �,!(�
$(�ก����	�� yz



Linear Dependence

• 
��ก(���(�                       


�*	ก�(����
�ก
����$,. linearly dependent

-%��,�
ก���                      $,.�,���#�����	/.��,!(�0�(
$(�ก�� 0

$,.$��#�%

v1,v2, . . . ,vn

c1, c2, . . . , cn

$,.$��#�%
c1v1 + c2v2 + . . .+ cnvn = 0



Linear Independence

• ����%��ก�� linear dependence

• 
��ก(���(�   


�*	ก�(����
�ก
����$,. linearly independent

-%�!(�                    $,.$��#�%

v1,v2, . . . ,vn

-%�!(�                    $,.$��#�%

!)� 
$(�	�1	 

c1, c2, . . . , cn

c1v1 + c2v2 + . . .+ cnvn = 0

c1 = c2 = · · · = cn = 0



Linear Independence (�&�)

• x, y, &� z --- linearly independent

• (1,2,0) &� (2,4,0) --- linearly dependent


���� 2*(1,2,0) – (2,4,0) = (0,0,0)

• (1,0,1), (2,3,0), (2,1.5,1) --- linearly dependent


���� (1,0,1) + 0.5*(2,3,0) – (2,1.5,1) = (0,0,0)

• (0,0,0) --- linearly dependent


���� c(0,0,0) = (0,0,0) �������!(� c #�+ $,.0�(
$(�ก�� 0



������

• -%� &%� span ��� u !)�
�%	���$,.2(�	��� O &� u

x

u �= 0

{cu : c ∈ R}

y

z

O

u

R



�*���

• -%� u &� v 
�*	
�ก
����$,. linearly independent ก�	&%�

span ��� u &� v !)���	��$,.2(�	��� O, u, &� v

{c u+ c v : c , c ∈ R}

x

v

u

{c1u+ c2v : c1, c2 ∈ R}

y

z

O



(���+���
ก�����

• -%� u, v, &� w 
�*	
�ก
����$,. linearly independent ก�	
&%� span ��� u, v, &� w 
�����
�ก
�����������$�1����

x

v

u

{c1u+ c2v + c3w : c1, c2, c3 ∈ R}

y

z

O



Basis

• -%� span ��� u, v, &� w
�,!(�
$(�ก��
�����
�ก
�����������$�1���� 


��
�,"ก u, v, &� w �(�
�*	 basis ������3'��
�ก
�����������



Basis (�&�)

• x, y, &� z 
�*	 basis ������3'��
�ก
�����������

• (1,1,0), (0,1,1), &� (1,0,1) ก�
�*	 basis

• &�( (1,0,1), (2,3,0), (2,1.5,1) 0�(#4(


������	0�( linearly independent



,��+-��ก����

• 2!'��
ก��� (dot product)

• �	��
�ก
����
u · v = x1x2 + y1y2 + z1z2

‖ ‖
√

2 2 2 ·
1

• �������(��+

‖u‖ =
√
x21 + y

2
1 + z

2
1 = (u · u)

1

2

u · v = v · u

u · (v +w) = u · v + u ·w

u · (cv) = c(u · v)

‖u+ v‖2 = ‖u‖2 + ‖v‖2 + 2(u · v)

‖cu‖ = c‖u‖



,��+-��ก���� (�&�)

• ������


�).� θ !)��������(�� u ก�� v

u · v = ‖u‖‖v‖ cos θ

• u ก�� v ��1�5�กก�	ก��(�
�).� 

u

vθ

u · v = 0



�
ก�����.�/"�.�&
�

• 
�ก
����$,.�,�	��
$(�ก�� 1

•  

• -%� u 
�*	
�ก
�����	/.��	(�"&%�

                         !)�!���"����� v 
�).�&�ก&��0�#	$� ��� u

‖u‖ = 1

                         !)�!���"����� v 
�).�&�ก&��0�#	$� ��� uu · v = ‖v‖ cos θ



,��+-�
ก�����

• 2!'�
�ก
���� (cross product)
u× v = (y1z2 − y2z1, z1x2 − z2x1, x1y2 − x2y1)

= (y1z2 − y2z1)x+ (z1x2 − z2x1)y + (x1y2 − x2y1)z

=

∣∣∣∣∣

x y z

x1 y1 z1

∣∣∣∣∣

• ��1�5�กก��$�1� u &� v

•

=

∣∣∣∣∣∣
x1 y1 z1
x2 y2 z2

∣∣∣∣∣∣

u× v

θ

u× v
‖u× v‖ = ‖u‖‖v‖ sin θ



,��+-�
ก����� (�&�)

• $� $�����          !�����ก�������

– 
���)����4,10����$� ��� u #�%78��)���	0�$�� v

–            ��1�5�กก����	��$,.	�"��9�" u ก�� v ��(���ก0�7:;�$,.	�1�9�<�����"'(

u× v

u× v

u

v

u× v ��(�
�%�ก�����

v

u

u× v ��(���กก�����



,��+-�
ก����� (�&�)

• �������(��+
u× v = −v × u

u× (v +w) = u× v + u×w

u× (rv) = (ru)× v = r(u× v)



ก������



ก��	(�� (Transformations)

• ����"(��
– “
).�	0�$���%�" 1 �	(�"”

– “���	���&ก	 y 90 �� �”

– “�"�"�	�����&ก	 z 2 
$(�”– “�"�"�	�����&ก	 z 2 
$(�”

• 
��0�#4%$,.0�	?

– Modeling

– Animation

– Rendering Pipeline



��
��&��

• �����
���'%��@,��%����ก��� �, 1 �	(�" ��� '	"�ก���"'($,. (0,0)

• �"�ก0�%��ก��� �, 2 �	(�" ��� '	"�ก���"'($,.
���

�"�" 2 
$(�



��
��&��

• �"�ก0�%���,&ก	
�ก"�� 2 �	(�" &ก	9$"�� 1 �	(�"

�"�" 2 
$(����&ก	 x



��
��&��

• �"�ก0�%��ก��� �, 0.5 �	(�" ��� '	"�ก���"'($,.��� (1,1)

"(� 0.5 
$(� 
).�	&ก	 x &� y 1 �	(�"



ก��	(��0��������

• ก�	
���������� !)� F:�ก�4�	$,.�(�
�ก
���� (��)����) �������0�"��

�ก
�����������
– �����ก���: �����ก��3������กG����#��( A, B, C, D, …

– ���������:– ���������:

��)���
�,"	&��F:�ก�4�	ก�0�%

4).�ก��&�� ���$,. (x,y) -'ก�(�0���
A : (x, y) �→ (y,−x)

A((x, y)) = (y,−x)



��
��&��

B : (x, y) �→ (x+ 2, y + 3)

C : (x, y) �→ (x+ y, 0)

D : (x, y) �→ (1.5x, 3y)

�→
D : (x, y) �→ (1.5x, 3y)

E : (x, y) �→ (x, ex)

F : (x, y) �→ C(D((x, y)) = (1.5x+ 3y, 0)



ก��	(����ก��ก1-�

• ก�	
����ก��ก��� (Identity Transformation) !)� ก��
&��$,.�(����$�ก���0��������	
��

I : (x, y) �→ (x, y)



ก��	(���2�����

• 
��ก(���(�ก��&�� A 
�*	ก�	
��������� (linear 

transformation) -%���	���!%��ก���������(�0�	,1

1. A(u+ v) = A(u) +A(v)

 

�������
�ก
���� uuuu, vvvv #�+ #	 &�!(�!�$,. c #�+ R
2

1. A(u+ v) = A(u) +A(v)

2. A(cu) = cA(u)



��
��&��

• ก��&��
�ก�ก��� I 
�*	ก��&��
4��
�%	 
����

1. I(u+ v) = u+ v = I(u) + I(v)

2. I(cu) = cu = cI(u)

• ก��&��                                               ก�
�*	ก��&��
4��
�%	

• &�(ก��&�� 0�(#4(ก��&��

4��
�%	 
����

2. I(cu) = cu = cI(u)

A : (x, y) �→ (y,−x)
B : (x, y) �→ (x+ 2, y + 3)

B((2, 2)) = (4, 5) �= (6, 8) = B((1, 1)) +B((1, 1))



3�����ก�

• -%� A 
�*	 linear transformation &%�


����

A(0) = 0

2A(0) = A(2× 0) = A(0)



ก��	(���2������!"�����4 2 2���

• ก��"(��"�" (Scaling)

• ก�����	 (Rotation)



ก���&�3���

• ก�	������� (Scaling) !)�ก��&��$,.�"'(#	�'�

�,!������"!)�
– �"�"#	&	�&ก	 x 
�*	���	�	 α 
$(�

Sα,β : (x, y) �→ (αx, βy)

– �"�"#	&	�&ก	 x 
�*	���	�	 α 
$(�

– �"�"#	&	�&ก	 y 
�*	���	�	 β 
$(�



��
��&��

• 
	).����ก

���	�1	

•

•

S1,1((x, y)) = (1x, 1y) = (x, y)

S1,1 = I

S2,2((1, 3)) = (2, 6)

•

•

S1,0.5((3, 10)) = (3, 5)

S1,2



ก��.�6�

• ก�����	 (rotation) #	$,.	,1���%��ก���	���� θ &�
�������	
$�	
���	�H�ก������� origin 0�
�*	��� θ

• ����ก��� 9�"Rθ

R : (x, y) �→ (x cos θ − y sin θ, y cos θ + x sin θ)Rθ : (x, y) �→ (x cos θ − y sin θ, y cos θ + x sin θ)
x

y

θ



��
��&��

• (���	 0 
�
�,"	
$(�ก��0�(���	
")

•  

I = R0

Rπ
6
((1, 0)) =

(
cos

π

6
, sin

π

6

)
=
(√3
2
,
1

2

)

• Rπ
4



Linear Transformation 	�* Basis

• #�% xxxx = (1,0) &�#�% yyyy = (0,1)


��0�%�(����������� (x,y) #�+

(x,y) = x(1,0) + y(0,1) = xxxxx + yyyyy

• -%� A 
�*	 linear transformation 
����0�%�(�

A((x, y)) = A(xx+ yy)

= A(xx) +A(yy)

= xA(x) + yA(y)



Linear Transformation 	�* Basis

• ก(��!)�-%�
���'% A(xxxx) &� A(yyyy) 
��ก������-!��	�� 
A((x,y)) �������
�ก
���� (x,y) #�+ 0�%$�1����

• �'��,ก&��!)� linear transformation ��-'ก	�"���%�"!(�
�����	$,. basis ��� vector space�����	$,. basis ��� vector space



ก��	��ก��	(���2������
������ก7�

• ������(� A(xxxx) = (a,b) &� A(yyyy) = (c,d)

��0�%�(�

A((x, y)) = x(ax+ by) + y(cx+ dy)

= (ax+ cy)x+ (bx+ dy)y

= (ax+ cy, bx+ dy)



ก��	��ก��	(���2������
������ก7�

• -%�
�,"	!'(����� (x,y) �%�" column vector

��0�%�(�

[
x

y

]

A

([
x

y

])
=

[
ax+ cy
bx+ dy

]

• 5�	�1	ก��&��
4��
�%	�������!)�
����ก�� 2x2

A

([

y

])
=

[

bx+ dy

]

=

[
a c

b d

] [
x

y

]



ก��	��ก��	(���2������
������ก7�

• ���
ก�

A =

[
a c

b d

]

A(x)



ก��	��ก��	(���2������
������ก7�

• ���
ก�

A =

[
a c

b d

]

A(y)



��
��&��

• I 
�*	ก��&��
4��
�%	 &� I(xxxx) = (1,0), I(yyyy) = (0,1)

���	�1	

I =

[
1 0
0 1

]


����ก��
�ก�ก���

• 
	).����ก

���	�1	 

[

0 1

]


����ก��
�ก�ก���

Sα,β(x) = (α, 0), Sα,β(y) = (0, β)

Sα,β =

[
α 0
0 β

]



��
��&��

• 
	).����ก

���	�1	

Rθ(x) = (cos θ, sin θ)

Rθ(y) = (− sin θ, cos θ)
���	�1	

Rθ =

[
cos θ − sin θ
sin θ cos θ

]



ก����8"��	ก�3���

• ก�	������
ก����� (translation) !)�  ก��&��$,.�"'(#	�'�

�,!������"!)� -%� &%�

Tu : v �→ v + u

�,!������"!)� -%� uuuu = (u1, u2) &%�


����
).�	�'�0����&ก	 x 
$(�ก�� u1 �	(�"

&�
).�	�'�0����&ก	 y 
$(�ก�� u2 �	(�"



��
��&��

• I 
�*	ก��
).�	&ก	�	�	 
���� I(uuuu) = uuuu + 0000 ���	�1	            
I = T(0,0) (
�,"	�(�"+ �(� T0,0)

• T (0,0) = (2,3) ���	�1	 T 0�(#4(ก��&��
4��
�%	• T2,3 (0,0) = (2,3) ���	�1	 T2,3 0�(#4(ก��&��
4��
�%	

• ก(��!)� -%� uuuu 0�(#4( 0000 &%� Tuuuu 0�(
�*	ก��&��
4��
�%	 
	).����ก 
Tuuuu(0000) = u u u u �/.��,!(�0�(
$(�ก�� 0000



��
��&��

•  

T1,1



Composition

• Composition !)�ก��	��
��ก��&�������	�����#�%
�*	��	

�,"���@,�	/.�

• #�% A ก�� B 
�*	ก��&�� composition �����	!)�ก��&�� 
BA 9�"$,.BA 9�"$,.

ก(��!)�
�*	ก��&��$,.
ก���/1	��กก��	��
�ก
�����%��'
�%�0�&��
�%�" A ก(�	&%��/�&���%�" B

BA : (x, y) �→ B(A((x, y))



• !)�ก�����	 90 �� �&%�
).�	$��&ก	 y �	/.��	(�" 

��
��&��

T0,1Rπ
2

Rπ
2

T0,1T0,1Rπ
2



3�����ก�

• -%� A 
�*	ก��&��#�+ &%� IA = AI = A

• �����! 9�"$�.�0�&%�
• �'

AB �= BA

R π
2
T0,1

Rπ
2

T0,1

R π
2
T0,1



ก��	(��	��9���

• 
��ก(���(�ก��&�� A 
�*	ก�	
��
�� ��� (affine 

transformation) -%�

9�"$,. T 
�*	ก��
).�	&ก	�	�	&� B 
�*	ก��&��
4��
�%	

A = TuB

9�"$,. Tuuuu 
�*	ก��
).�	&ก	�	�	&� B 
�*	ก��&��
4��
�%	



��
��&��

• I 
�*	ก��&��&�F0F	�
���� I = T0,0I

• 
�*	ก��&��&�F0F	� (�"(��
��	0�%4��)

• ก�
�*	ก��&��&�F0F	�
4��
�,"�ก�	 
����
T0,1Rπ

2

Rπ
2
T0,1

R π
2
T0,1(v) = Rπ

2
(v+ (0, 1))

= Rπ
2
(v) +Rπ

2
((0, 1))

= Rπ
2
(v) + (−1, 0)

= T−1,0Rπ
2
(v)



3�����ก�

• -%� B 
�*	ก��&��
4��
�%	&%� BTuuuu ��
�*	ก��&��&�F0F	�

��� 
	).����ก

ก(��!)�
BTu(v) = B(v + u) = B(v) +B(u) = TB(u)B(v)

ก(��!)�
BTu = TB(u)B



3�����ก�

• 
�������-���'�	�0�%$��	��
�,"�ก�	�(� -%�&�(�������ก��&��


�*	ก��
).�	&ก	�	�	��)�ก��&��
4��


�%	&%� ก��&�� ��
�*	ก��&��&�F0F	�
• ���	�1	ก��&��&�F0F	��/�
�*	ก�(����ก��&��$,.���

A1, A2, . . . , An−1, An

AnAn−1 · · ·A2A1
• ���	�1	ก��&��&�F0F	��/�
�*	ก�(����ก��&��$,.���
– ก��"(��"�"

– ก�����	

– ก��
).�	&ก	�	�	

– ก��&��
4��
�%	


��0�%$�1����



Homogeneous Coordinates

• Homogeneous coordinates 
�*	��@,ก��&$	����������
�%�"
�ก
�����������&���	/.� 9�"$,.


�ก
���� (x,y,w) ���"-/���� (x/w,y/w) -%� w ≠ 0

• ����"(��• ����"(��
– (1,2,1) ���"-/���� (1,2)

– (2,4,2) ���"-/���� (1,2) 
4(	
�,"�ก�	

– (w,2w,w) ก����"-/���� (1,2) �������!(� w #�+



ก��	��ก��	(��	��9����
������ก7�

• ������(�
���,ก��&��&�F0F	�                        9�"$,.

��0�%�(�

A = TuB

B =

[
a c

b d

]
, u =

[
e

f

]

��0�%�(�

A

([
x

y

])
=

[
a c

b d

] [
x

y

]
+

[
e

f

]

=

[
ax+ cy + e
bx+ dy + f

]



ก��	��ก��	(��	��9����
������ก7�

• #�%


�).�
��!'� �%�" �/.�
�*	 homogeneous 

N =




a c e

b d f

0 0 1






�).�
��!'� N �%�" (x,y,1) �/.�
�*	 homogeneous 

coordiate ��� (x,y) ��0�%�(�

N




x

y

1



 =




a c e

b d f

0 0 1








x

y

1



 =




ax+ cy + e
bx+ dy + f

1





homogeneous coordinate ���A((x, y))



ก��	��ก��	(��	��9����
������ก7�

• 5�	�1	 affine transform !)�
����ก�� 3x3 $,.&-�(��
$(�ก�� 
(0,0,1)



ก��	��ก��	(��	��9����
������ก7�

• ���
ก�

A =




a c e

b d f

0 0 1




0 0 1



A(x)− u = B(x)



ก��	��ก��	(��	��9����
������ก7�

• ���
ก�

A =




a c e

b d f

0 0 1




0 0 1



A(y)− u = B(y)



ก��	��ก��	(��	��9����
������ก7�

• ���
ก�

A =




a c e

b d f

0 0 1




0 0 1



u = A(0)



��
��&��

•

•

•

• ���	�1	 

T0,1Rπ
2
((0, 0)) = (0, 1)

T0,1Rπ
2
((1, 0))− (0, 1) = (0, 2)− (0, 1) = (0, 1)

T0,1Rπ
2
((0, 1))− (0, 1) = (−1, 1)− (0, 1) = (−1, 0)

• ���	�1	 

T0,1Rπ
2
=




0 −1 0
1 0 1
0 0 1







�����ก7�3��ก��	(��	��9����!"�����4

Sα,β =




α 0 0
0 β 0
0 0 1



 Rθ =




cos θ − sin θ 0
sin θ cos θ 0
0 0 1




0 0 1

 
0 0 1



Tu =




1 0 u1
0 1 u2
0 0 1



 I =




1 0 0
0 1 0
0 0 1







Composition 	�*�����ก7�

• Composition !)�ก��!'�
����ก��

• ����"(��


1 0 0


0 −1 0

 
0 −1 0



T0,1Rπ
2
=




1 0 0
0 1 1
0 0 1








0 −1 0
1 0 0
0 0 1



 =




0 −1 0
1 0 1
0 0 1







ก��	(��,��ก���

• ก�	
��!��ก��" (inverse) ���ก��&�� A !)�ก��&�� A-1

$,.$��#�%

• ก��&��������0�(�, inverse 
4(	
AA−1 = A−1A = I

A : (x, y) �→ (x, 0)• ก��&��������0�(�, inverse 
4(	

• ก��&��&�F0F	� A ���, inverse ก��(�
�).�
����ก����� A �, 
inverse �'��,ก	�"�	/.�!)�

A : (x, y) �→ (x, 0)

det(A) �= 0



ก��	(��,��ก���3��ก��	(��	��9����!"�����4

(
Sα,β

)−1
=




α 0 0
0 β 0
0 0 1





−1

=




1
α

0 0
0 1

β
0

0 0 1



 = S 1

α
, 1
β

( )    

(
Tu
)−1

=




1 0 u1
0 1 u2
0 0 1





−1

=




1 0 −u1
0 1 −u2
0 0 1



 = T−u



ก��	(��,��ก���3��ก��	(��	��9����!"�����4

(
Rθ
)−1

=




cos θ − sin θ 0
sin θ cos θ 0
0 0 1





−1


− cos θ − sin θ 0



 

=




− cos θ − sin θ 0
sin θ − cos θ 0
0 0 1





=




cos(−θ) − sin(−θ) 0
sin(−θ) cos(−θ) 0
0 0 1



 = R−θ


