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Ta,b,c =






1 0 0 a
0 1 0 b
0 0 1 c
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
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
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Sα,β,γ =
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

α 0 0 0
0 β 0 0
0 0 γ 0
0 0 0 1
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

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coordinate 	
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
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
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
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��������ก��	
�ก���
��
��ก�	��� $���ก�������ก��	
� affine 

transformation 
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����)!�*!�





1 0 0 a
0 1 0 b
0 0 1 c
0 0 0 1











a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
0 0 0 1
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
 =




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a11 a12 a13 a14 + a
a21 a22 a23 a24 + b
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0 0 0 1
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homogeneous coordinate �
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– �
� α  $���ก����� x

– �
� β  $���ก����� y – �
� β  $���ก����� y 

– �
� γ  $���ก����� z





α 0 0 0
0 β 0 0
0 0 γ 0
0 0 0 1







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1
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– �
� α  $����.�)!� 1

– �
� β  $����.�)!� 2– �
� β  $����.�)!� 2

– �
� γ  $����.�)!� 3





α 0 0 0
0 β 0 0
0 0 γ 0
0 0 0 1











a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44




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


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αa11 αa12 αa13 αa14
βa21 βa22 βa23 βa24
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a41 a42 a43 a44
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
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5 6 7 8
9 10 11 12
0 0 0 1
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




1 0 0 2
0 1 0 4
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
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


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
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






1 2 3 4
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
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=




0 0 1 8
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
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




1 0 0 2
0 1 0 4
0 0 1 8
0 0 0 1











5 10 15 20
15 18 21 24
63 70 77 84
0 0 0 1




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=






5 10 15 22
15 18 21 28
63 70 77 92
0 0 0 1
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
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– �
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– �
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




a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44











α 0 0 0
0 β 0 0
0 0 γ 0
0 0 0 1




 =






αa11 βa12 γa13 a14
αa21 βa22 γa23 a24
αa31 βa32 γa33 a34
αa41 βa42 γa43 a44





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
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
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0 1 0 5
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0 1 0 0
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









5 0 0 0
0 1 0 0
0 0 2 0
0 0 0 1


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RTv = TRvR
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Tv ��
�����ก��	
�ก���
��
��ก�	��� $���)�0)��	
���ก��
�� v
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
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
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
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
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0 0 1 0
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
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




1 0 0 1
0 1 0 1
0 0 1 1
0 0 0 1




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= S1,2,8R45◦,0,0,1T1,1,1

= S1,2,8T0,
√
2,1R45◦,0,0,1= S1,2,8T0,
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2,1R45◦,0,0,1

=


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
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√
2
2

0 0
0 0 1 0
0 0 0 1






=






√
2
2

−
√
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√
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√
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• Inverse 	
�ก���$
� affine *����1% �!����!#

T−1a,b,c = T−a,−b,−c

Sα,β,γ = S 1 , 1 , 1

• �
ก��ก�!# ��������(���

Sα,β,γ = S 1

α
, 1
β
, 1
γ

Rθ,x,y,z = R−θ,x,y,z

(A1A2 · · ·An)−1 = A−1n A
−1
n−1 · · ·A

−1
1
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


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5
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
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−1








1 0 0 0
0 1 0 1









√
3
2

−1
2

0 0
1

√
3 0 0








5 0 0 0
0 3 0 0









−1

=










0 1 0 1
0 0 1 5
0 0 0 1











1
2

√
3
2

0 0
0 0 1 0
0 0 0 1










0 3 0 0
0 0 7 0
0 0 0 1











=






5 0 0 0
0 3 0 0
0 0 7 0
0 0 0 1






−1 




√
3
2

−1
2

0 0
1
2

√
3
2
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0 0 1 0
0 0 0 1






−1 




1 0 0 0
0 1 0 1
0 0 1 5
0 0 0 1





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




1
5

0 0 0
0 1

3
0 0

0 0 1
7

0
0 0 0 1











√
3
2

1
2

0 0
−1
2

√
3
2

0 0
0 0 1 0
0 0 0 1











1 0 0 0
0 1 0 −1
0 0 1 −5
0 0 0 1






−1





1
5

0 0 0
0 1

3
0 0









1 0 0 −1
2

0 1 0 −
√
3





−1 



√
3
2

1
2

0 0
−1

√
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

=





0

3
0 0

0 0 1
7

0
0 0 0 1










0 1 0 − 3

2

0 0 1 −5
0 0 0 1










−1
2

√
3
2

0 0
0 0 1 0
0 0 0 1






=






√
3
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1
10

0 −1
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−1
6

√
3
6

0 −
√
3

6

0 0 1 −5
7

0 0 0 1





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• ��ก��
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��$��ก Durand and Culter, Transformation in Ray Tracing. http://ocw.mit.edu
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��$��ก Durand and Culter, Transformation in Ray Tracing. http://ocw.mit.edu
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ก�$3�$��4�/����
����

�ก��'�ก�'	
��*�

• ����/5����	
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�
���.�
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• �,��
�������� ��������."�ก��'���ก��
����#�2�ก&� object 

space ก��ก�
�
• �,��
����*���ก ��ก��
����#�2�ก���$3���ก��
��'�"��'�����*�
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• ��������*!��'
!�������$3����

• ก
�����
���	���ก������� xy

• �!��ก��
��'�"��'����)!���#�2�กก������� xy *
����
– (0,0,1)

{(x, y, 0) : −1 ≤ x, y ≤ 1}

– (0,0,1)

– (0,0,-1)

• ����
�
ก&'( (0,0,1) �$3���ก��
����#�2�ก
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• ������������*���'
!���4��&'(������)�#�*����!��ก������

�����ก�

• ก
�����
 .(�������ก���  $  $        ������������(��
• ��ก��
����#�2�กก����ก��
��*���'
!��������4��&/(ก6��
	��
– ����
&/(��
	��������ก         $   $        �
(���ก��
����#�2�ก��/!# $

p1 p2 p3

– ����
&/(��
	��������ก         $   $        �
(���ก��
����#�2�ก��/!# $
)���(��)!���#�4$7�
���

• ,���$3�8�9�����0�*�����


p1 p2 p3

n = Normalize((p2 − p1)× (p3 − p1))
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• &� object space ��ก
�	
�����$3���ก
�'�"��'����
• ���ก��'��&'(��ก��
����#�2�ก,���

ก�
ก��ก
�

• ��ก��
����#�2�ก��
��ก�������ก��������ก������������� !�"��

• ,������% ��
 ����!����)��ก�������,�#�+�������
� (�,������0����ก
���!• ,������% ��
 ����!����)��ก�������,�#�+�������
� (�,������0����ก
���!
,�ก�� (0,0,0))
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• ����
 �(��ก��
����#�2�ก&� object space ���
(� ������(
��$
�
&'(���
���&� world space

• *�������ก���$
� �$3�ก���$
���ก object space  $ 
world space

M

world space

• ������$
���ก��
����#�2�ก
���� �?

• ก5�$
�����'��
���ก��
��-����� �� �(�'�
?

• ����ก��*�ก'��
�
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��$��ก Durand and Culter, Transformation in Ray Tracing. http://ocw.mit.edu
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��$��ก Durand and Culter, Transformation in Ray Tracing. http://ocw.mit.edu

�(����&� object space
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• *���)!�����(
�ก��

��$��ก Durand and Culter, Transformation in Ray Tracing. http://ocw.mit.edu
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• �)�)!������������$
���ก��
����#�2�ก 

����."�ก����ก��
��&�
�����)!�	���ก��,�#�+��)!�������

nobject

• &'( �$3���ก��
��)!�
���&������	���,�#�+��

vobject

vobject



-���ก������ !�/�ก2� world space (�*�)

• ��� �(������*����.�$
�                &'(
���&� world space 

�'��
�ก��ก���$
���ก��
��)��� $
vobject

vworld =Mvobject



-���ก������ !�/�ก2� world space (�*�)

• ����
���ก��ก��
����#�2�ก ���(
���#�2�กก�� 

��� �(���

���

nworld vworld

vworld · nworld = (vworld)
T
nworld = 0

���

2���#�

vworld =Mvobject

v
T
objectM

T
nworld = 0



-���ก������ !�/�ก2� world space (�*�)

• .(����&'(

�� �(���

nworld = (M
−1)Tnobject

T T T T −1 T

*���	(����&/( �(

v
T
objectM

T
nworld = v

T
worldM

T (M−1)Tnobject

= vTobjectnobject = 0



-���ก������ !�/�ก2� world space (�*�)

• *��$
– .(��!ก���$
����.���ก object space  $��� world space �(�� 

�����ก�� M

– ����$
�����(�������ก�� M– ����$
�����(�������ก�� M

– �������(
��$
���ก��
����#�2�ก�(�� inverse transpose 
�� M



� ���*��

• *�������������*���'
!���'�"����$�(�����*�����
 $�!#

glBegin(GL_TRIANGLE);

glVertex3f(1, 0, 0);

glVertex3f(0, 1, 0);glVertex3f(0, 1, 0);

glVertex2f(0, 0, 1);

glEnd(GL_TRIANGLE);

�
(���ก��
����#�2�ก	
�*���'
!�����$�!#��

� �?



� ���*��

• ��� �(���

p0 =




1
0
0



 ,p1 =




0
1
0



 ,p2 =




0
0
1





• 2���#�

p1 − p0 =




−1
1
0



 ,p2 − p0 =




−1
0
1





n = normalize

(


−1
1
0



×




−1
0
1




)
= normalize

(


1
−1
−1




)
=




1/
√
3

−1/
√
3

−1/
√
3







� ���*��
• *�������*���'
!�����$)!��
(�.�ก�$
�&'(��ก object space  $�$3� world 

space �(��ก���$
������
 $�!#

glLoadIdentity();

glScale(1,2,3);

glTranslate(4,5,6);glTranslate(4,5,6);

glBegin(GL_TRIANGLE);

glVertex3f(1, 0, 0);

glVertex3f(0, 1, 0);

glVertex2f(0, 0, 1);

glEnd(GL_TRIANGLE);

• �
(���ก��
����#�2�ก	
�*���'
!����!#&� world space �!����)�� '��?



� ���*��

• �����ก��	
�ก���$
���






1 0 0 0
0 2 0 0
0 0 3 0
0 0 0 1











1 0 0 4
0 1 0 5
0 0 1 6
0 0 0 1






• 
����
��*	
������




0 0 0 1





0 0 0 1









1 0 0 −4
0 1 0 −5
0 0 1 −6
0 0 0 1











1 0 0 0
0 1

2
0 0

0 0 1
3

0
0 0 0 1




 =






1 0 0 −4
0 1

2
0 −5

0 0 1
3

−6
0 0 0 1





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• Inverse transpose 	
������






1 0 0 −4
0 1

2
0 −5

0 0 1
3

−6
0 0 0 1






T

=






1 0 0 0
0 1

2
0 0

0 0 1
3

0
−4 −5 −6 1






• 2���#� homogeneous coordinate 	
� normal &� 
world space ��



 −
0 0 0 1






−4 −5 −6 1









1 0 0 0
0 1

2
0 0

0 0 1
3

0
−4 −5 −6 1











1/
√
3

−1/
√
3

−1/
√
3

0




 =






1/
√
3

−1/2
√
3

−1/3
√
3

∗








� ���*��

• ��� ���(
�*�&�*��/�ก&��.�)!� 4 	
� homogeneous 

coordinate �,��� normal �$3���ก��
��

• normal ��
��ก��
��'�"��'����)!�	���ก��

1/
√
3


• ��ก��
���!#�!	��� 2���#� normal ���!����)��ก�� 




1/
√
3

−1/2
√
3

−1/3
√
3





√
7

3
√
6

3
√
6

√
7




1/
√
3

−1/2
√
3

−1/3
√
3



 =




3
√
2/
√
7

−3
√
2/2
√
7

−
√
2/
√
7







��������"��

• ��
�)
��!��)!��)�ก��'����$3���� θ �
��ก� (x,y,z) ��


• �������� (x,y,z) �(
��$3���ก�������#$���%��

〈
cos

θ

2
;x sin

θ

2
, y sin

θ

2
, z sin

θ

2

〉

• �������� (x,y,z) �(
��$3���ก�������#$���%��



� ���*��

• ��'���
�)
��!��)!��)�ก��'����$3���� 60 
�0��
��ก� 
(1,1,1)

– ��ก��
��'�"��'����	
��ก���


– ��������� cos �
� sin

(1/
√
3, 1/

√
3, 1/

√
3)

– ��������� cos �
� sin

– �
��� �(�����
�)
��!����


cos 30◦ =

√
3

2
, sin 30◦ =

1

2

〈√
3

2
;
1

2
√
3
,
1

2
√
3
,
1

2
√
3

〉
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• ��
�)
��!����
 $�!#�)�ก��'���ก!�
�0� �
��ก�
� �?

– ��� �(���

〈
1

2
; 0,

√
6

4
,

√
6

4

〉

cos
θ
=
1
= cos 60◦– ��� �(���

– 2���#�

– �ก�)!�'����
���
   

cos
θ

2
=
1

2
= cos 60◦

θ = 120◦

1

sin 60◦

(
0,

√
6

4
,

√
6

4

)
=

2
√
3

(
0,

√
6

4
,

√
6

4

)
=

(
0,

√
2

2
,

√
2

2

)



ก���+,��������"��

• ��&ก��&$��ก��'�('�������&�����)

• �,���ก��������������ก�
��!*�)-�<+����ก

• &/(�����	(�&�����'���	
���
�)
��!��)��ก���������!ก���



� ���*��

• &'(

�������� 

q1 =

〈√
2

2
;
3
√
2

10
, 0,

2
√
2

5

〉

q2 =

〈√
3

2
;
3

10
, 0,

2

5

〉

�������� q1q2



� ���*��

• q1 ��
ก��'����$3���� 90 
�0� �
��ก� (3/5, 0, 4/5)

• q2 ��
ก��'����$3���� 60 
�0� �
��ก� (3/5, 0, 4/5)

• 2���#� q1q2 ��
ก��'����$3���� 60 
�0��
(��"�'��� 90 
�0�

• ����
(��$3�ก��'��� 150 
�0��
��ก� (3/5, 0, 4/5)• ����
(��$3�ก��'��� 150 
�0��
��ก� (3/5, 0, 4/5)

• 2���#�

q1q2 =

〈
cos 75◦;

3

5
sin 75◦, 0,

4

5
sin 75◦

〉

=

〈√
3− 1
2
√
2
;
3 + 3

√
3

10
√
2
, 0,

4 + 4
√
3

10
√
2

〉



Slerp

• 
��������� slerp 4������/��ก��
• *������������������ slerp(q0,q1,α) 4��&'(��� α �!����,���	"#�

����
�% ��ก 0 ."� 1 .(���� plot quaternion �������% )!��ก��	"#� 
����� �(��������!�����ก���$3��*(� geodesic �"����
�*(���)��ก
� 
4 q q
����� �(��������!�����ก���$3��*(� geodesic �"����
�*(���)��ก
� 
4 ����)!�*�#�)!�*��)!�+��� q0 �
� q1

• ��� α �$3�����
ก����'������*(� geodesic �!# ก
�����

– .(� α = 0 ��
���)!� q0

– .(� α = 1 ��
���)!� q1

– .(� α = 0.5 ��
������ก
����'���� q0 ก�� q1  ,
�!
– =
=



Slerp



� ���*��

• &'(

�������� 

q1 =

〈
1; 0, 0, 0

〉

q2 =

〈
0; 0, 1, 0

〉

�������� slerp(q0, q1, 1/3)



� ���*��

• *���ก���� x component �
� z component �$3� 0

• �����#�)!�+

�,-� x �
� z ก5���(
��!����$3� 0 �(�� ����
���ก�*(� 
geodesic �� ��+���������)!� x �
� z  ���$3� 0 (.(�+�������� ��
*�#�*��)*�#�*��)

• �����#����*����.�������*(� geodesic �$3��*(��
���	
���ก
�&� 
2 ���� 4��)!��ก�	
������*
�������#���
�ก� w �
��ก� y



� ���*��

• �����'���� q0 �
� q1 ��
 90 
�0�

• slerp(q0,q1,1/3) ��
����'���)!�)�����ก�� q0 �$3� 1/3 �)��	
�
��� 90 
�0� ก
�����
)����� 30 
�0�ก�� q0

• 2���#� slerp(q ,q ,1/3) �"��!,�ก�� (w,y) �)��ก�� 
(√

3
,
1
)

• 2���#� slerp(q0,q1,1/3) �"��!,�ก�� (w,y) �)��ก�� 
• ก
�����


(√
3

2
,
1

2

)

slerp(q0, q1, 1/3) =

〈√
3

2
; 0,

1

2
, 0

〉
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q1

w

y

slerp(q0,q1,1/3)

1/3

2/3

q0

w
1/3



Articulated Rigid Body

• �����

������
����$>1'� forward kinematics ก��*�ก	(


• *������� articulated rigid body 
��'�"�� ����
���
���&� rest 

post ���!
�ก9���$3������$	(��
����!#
c d

a b

c d

e f

(0,0) (1,0)

(2,1)

(2,-1) (3,-1)

(3,1)



Articulated Rigid Body

• *�������&'( joint a �$3� root joint

• �
�&'()!����
� joint *����.'����
��ก� z  �(�)����#�

• ก��'��)�� θa = 90°, θb = 45°, θc = 45°, θe = -45°

• �
(� joint ����% 
���)!�����'���&��(��?• �
(� joint ����% 
���)!�����'���&��(��?



Articulated Rigid Body

• &'('�����ก leaf  $��� root

• �������ก joint c �
� e ก�
�

c

d

45°

√
2

1

a b

e

f

-45°

√
2

√
2

1



Articulated Rigid Body

• '
����ก��#�'��� joint b

d

1

a b

e

c

f

√
2

√
2 1

45°

1



Articulated Rigid Body

• )(��*��'��� joint a

e

f

1

a

b

cd

√
2

√
2

1

1
90°



Articulated Rigid Body

• 2���#������ �(���
– joint a 
���)!�����'��� (0,0)

– joint b 
���)!�����'��� (1,0)

– joint c 
���)!�����'��� (−
√
2, 1)– joint c 
���)!�����'���

– joint d 
���)!�����'���

– joint e 
���)!�����'��� 

– joint f 
���)!�����'���

(−
√
2, 1)

(−
√
2− 1, 1)

(0, 1 +
√
2)

(0, 2 +
√
2)


